» Problem DM-1.6-16 Determine how many numbers between 1 and 21,000,000,000,
including 1 and 21,000,000,000, are divisible by 2, 3, 5, or 7.

Solution. Let D; = {n € N : 1 < n < 21,000,000,000 and n is divisible by i}.
According to the problem, we need to compute |Dy U D3 U D5 U Dy|. By the Principle of
Inclusion-Exclusion, we have
Do UD3sU DsUDq| = |Dy|+ |Ds| + |Ds| + |D7| — [Dy N D3| — | Dy N Ds| —
|Dy N D7| — | D3N Ds| — | D3y N D7| — |Ds N D7 | +
|Dy N D3N Ds| 4+ |Ds N D3N De| + | Dy N Ds N Dy| +
|Ds N Ds N D7| — |Dy N D3N Ds N Dy
Obviously, |Dy| = 10,500, 000,000, | D3| = 7,000,000,000, |Ds| = 4,200,000,000, and
|D-| = 3,000,000,000. Since 2 and 3 are both prime, an integer n is divisible by both 2
and 3 if and only if n is divisible by 2-3 = 6. So DoN D3 = Dg and |Dg| = 3, 500, 000, 000.
Similarly,
| D2 N Ds| = | Do = 2,100, 000,000
|Dy N D7| = | Dy4| = 1, 500,000,000
|D3 N Ds| = | Dys| = 1,400, 000,000
|Ds N D7| = |Dy| = 1,000,000, 000
|Ds N Dy| = [Ds5] = 600,000, 000
|Dy N D3 N Ds| = | D3p| = 700,000,000
|Dy N D3N D7| = | Dys| = 500,000,000
|Dy N Ds N D7| = | Do = 300,000,000
|Ds N D5 N D7| = |Dyos| = 200, 000, 000
and
|Dy N D3 N Ds N D7| = | Dayo| = 100,000, 000
Now, by the Principle of Inclusion-Exclusion,
|D, U DsU Ds U D;| = 10,500,000,000 + 7,000,000,000 + 4, 200, 000, 000 +
3,000,000, 000 — 3, 500, 000, 000 — 2,100, 000, 000 —
1,500, 000, 000 — 1,400, 000,000 — 1, 000, 000, 000 —
600, 000, 000 + 700, 000, 000 + 500, 000, 000 +
300, 000, 000 + 200, 000, 000 — 100, 000, 000
= 16,200, 000,000



